In this paper, the cutting force calculation of ball-end mill processing was modeled mathematically. All derivations of cutting forces were directly based on the tangential, radial, and axial cutting force components. In the developed mathematical model of cutting forces, the relationship of average cutting force and the feed per flute was characterized as a linear function. The cutting force coefficient model was formulated by a function of average cutting force and other parameters such as cutter geometry, cutting conditions, and so on. An experimental method was proposed based on the stable milling condition to estimate the cutting force coefficients for ball-end mill. This method could be applied for each pair of tool and workpiece. The developed cutting force model has been successfully verified experimentally with very promising results. 
Introduction
The mechanics of metal-cutting had been analyzed and investigated by orthogonal and oblique models in many works such as Merchant [1] and Altintas [2] . In the prediction of cutting forces, there are significant differences in the approach used in implementing the models. Traditionally, the cutting forces were modeled based on the experiential chip-force relationship according to cutting force coefficients. Therefore, effective methods for calibrating the cutting coefficients are the important keys to model the cutting forces in machining processes.
In the conventional mechanistic approach, the cutting force coefficients were calibrated for different pairs of tool and workpiece through the cutting tests. There are two typical methods for the calibration of cutting force coefficients. The first method is the orthogonal to the oblique cutting transformation method and the second method is the direct calibration method. In the first method, the cutting force coefficients were determined by using the shear angle, friction angle, and shear yield stress resulted from orthogonal cutting tests. By using this approach, in the flat-end mill, the cutting force coefficients were determined using the oblique cutting model, the orthogonal cutting model, and the cutting data [2] [3] [4] . Besides, by using the calculated results of shear angle, friction angle, and shear yield stress from orthogonal cutting and using the orthogonal and oblique cutting models, some researchers had developed the cutting models to calculate the cutting force coefficients in ball-end milling operations [5] [6] [7] .
In the second method, the cutting force coefficients were estimated directly from milling tests for the specific cutter part combination. The cutting force coefficients were determined based on the instantaneous uncut chip thickness, the cutting edge length, and the spindle speed [8] . By considering the instantaneous uncut chip thickness and the cutter rake angle simultaneously, Bayoumi et al. [9] had successfully determined the cutting force coefficients. Shin and Waters [10] developed a model to estimate the cutting force coefficients with an improved simulation model of chip flow angle. In this study, the instantaneous cutting force coefficients were directly determined from experiments with variations of feedrate and depth of cut. In milling processes, the effect of cutting forces will deflect the tool. And with the deflection and rotation of the tool, the finished surface was created. Larue and Anselmetti [11] used the relationship between finished surface (tool deflection) and cutting forces to determine the cutting force coefficients in flank milling. The cutting force coefficients were estimated by using the relationship between the instantaneous uncut chip thickness and the instantaneous cutting forces [12] . Subrahmanyam et al. [13] used the corresponding maximum chip area and maximum measured force to estimate the cutting force coefficients. Besides, the cutting force coefficients were determined by using the relationship between measured average cutting force and the feedrate [14] [15] [16] .
The linear model of average cutting force and feed per flute was used to calculate the cutting force coefficients for milling process in the direct calibration method. In this model, the cutting force coefficients were relatively dependent on the average cutting force and were determined from experimental data. This model had been applied in milling tools of flat-end mill [14] [15] [16] [17] [18] [19] , ball-end mill [20] , and bull-end mill [21] . However, it seems that when determining the cutting force coefficients in the ball-end mill process, the application of cutting conditions have not been evaluated, the linear model of average cutting force and feed per flute has also not been verified; This means there still exist issues affecting the calculation of cutting force coefficients to be resolved.
In this study, the cutting force coefficients were estimated from the experimental data of cutting forces in the stable cutting conditions. The main contributions of this study lie in four aspects: (1) completing the method to determine the cutting force coefficients in the ball-end mill, (2) using the experimental method to determine the stable cutting conditions, (3) verifying the linear model of average cutting force and feed per flute was verified by experimental results, and (4) modeling and verifying the cutting forces in the ball-end mill processes.
Mathematics of cutting force model for ball-end mill

The cutting force model
In ball-end mill, the immersion is measured clockwise from the normal axis. Assuming that the bottom end of flute number one is designated as the reference immersion angle (ϕ 1 ) and the bottom end point of the remaining flute number j is at an angle (ϕ j ), as shown in Fig. 1 and Fig. 2 , then ϕ j can be expressed as in Eq. (1).
where ϕ P is the cutter pitch angle that is the lag angle from the flute number j to the flute number jþ 1.
When considering the cutter's helix angle, the radial lag angle Ψ at each axial depth of cut z can be expressed in Eq. (3).
The maximum radial lag angle Ψ 0 is determined at maximum depth of cut a, and can be determined by Eq. (4)
For flute number j, at an axial depth of cut z, the immersion angle is ϕ j z ð Þ. It can be expressed by Eq. (5), as shown in Fig. 1 .
If zero nose radius of the cutter is assumed, the tangential, radial, and axial forces acting on a differential flute element can be expressed as in Eq. (6).
where h j ðϕ j z ð ÞÞ is the instantaneous chip thickness, db is the chip width, dS is the edge length of the cutting segment that are explained in the Appendix section.
In Figs. 1 and 2 , each point at cutting edge is determined by z coordinate and the angular position (ϕ j ). In those points, the cutting forces consist of three components including radial force, tangential force, and axial force. The feed direction is the direction that is parallel to the tool movement direction, and perpendicular to the tool axis. The normal direction is perpendicular to the tool movement direction and tool axis. The axial direction is parallel to the tool axis and perpendicular to the tool path. So, the elemental forces in feed, normal, and axial force are calculated by using the transformation as in Eq. (7).
where κðzÞ is the axial immersion angle at z axial depth of cut that is explained in the Appendix section. By substituting Eq. (5) into Eq. (7), the elemental forces in feed, normal, and axial force are calculated by Eq. (8) to Eq. (11).
where M is the setting parameter that is calculated by Eq. (A.11) in the Appendix section.
In the determination of the total cutting force, the differential cutting forces are integrated analytically along the in-cut portion of the flute j, Eq. (12) .
Considering the case that has more than one tooth executing the cutting processes simultaneously, the total cutting forces on the feed, normal, and axial direction can be determined by Eq. (13) .
Identification of cutting force coefficients
In feed, normal, and axial direction, the average cutting forces of N f flutes per revolution can be expressed by Eq. (14) .
And then, the Eq. (14) can be rewritten by Eq. (15) to Eq. (19) in feed direction, normal direction, and axial direction as followings:
In feed direction
so,
In normal direction
In axial direction
Setting
Combining Eqs. (16), (18), (19) and (20), the average cutting forces can be determined by Eq. (21) .
Since the average cutting forces can be expressed as a linear function, as shown in Eq. (22), according the analysis of the experimental data, the relation in Eqs. (23) and (24) can be established.
The components of the linear force F f c ; F f e ; F nc ; F ne ; F ac ; and F ae can be calculated by a linear regression of the measured cutting force data. Finally, the cutting force coefficients can be determined by Eq. (25).
3. Experimental work
Experimental procedure
The research procedure was performed sequentially as shown in Fig. 3 . First, the stability lobe diagram was measured by the CUTPRO TM software. By this work, the cutting depths and spindle speeds were selected in the stable zone of the stability lobe diagram to avoid the chatter and to reduce the vibrations. Next, the cutting tests were conducted to determine the cutting force coefficients. And then, the cutting force coefficients were calculated from the experimental data, and the cutting forces were simulated by using the calculated cutting force coefficients. Finally, the simulated cutting forces were verified by the experimental results.
Setup of the experiment
The setup of the experiments in this paper includes workpiece and tool, machine tool dynamic measurement and cutting force measurement. The description of the setup is as the followings:
Workpiece, tool, and CNC machine
A series of end milling experiments were performed. The cutter was chosen as follows. Cutter: a HSS-Co ball-end mill with number of flutes N f ¼ 2, helix angle β¼ 301, rake angle α r ¼ 51, and the diameter was 8 mm.
The workpiece material was grey cast iron FC25 (Ferrum Casting). The compositions of grey cast iron FC25 are listed in Table 1 and the properties of the FC25 were: hardness 197-269 HB, Young's modulus ¼ 109.5 GPa, Poisson's ratio¼ 0.29, tensile strength ¼ 250 MPa. The experiments were performed at a Three-axis Vertical Milling Center (Tongtai TMV-720 A).
Setup for determination of stable cutting conditions
An integrated measurement system that consisted of the acceleration sensor (ENDEVCO-25B-10668), hammer (KISTLER-9722A2000), signal processing box (NI 9234), and CUTPRO
TM software was used to analyze the stability lobe. The detail settings of the measurement experiment are illustrated in Fig. 4 . The spindle speed and axial depth of cut in the stable zone were chosen according to the stability lobe diagram measured by CUTPRO TM software as shown in Fig. 5 .
Setup and measurement of cutting forces
A dynamometer (type XYZ FORCE SENSOR, model 624-120-5KN), processing system, and a PC were used to measure cutting forces. The detail is illustrated in Fig. 6 . At each depth of cut, full immersion (slotting) experiments were repeated in every feed per flute. The spindle speed was held constant at each experiment. The experiments were performed with the different parameters, as shown in Table 2 .
Experimental results and discussions
The suitable machining conditions for determination of cutting force coefficients
In order to avoid the chatter and reduce the vibration, the stable cutting conditions were determined. By using the measured results of the frequency response function of the machine tool dynamic system, the stability lobes were analyzed by CUTPRO TM software and described in Fig. 5 . The stable cutting conditions (axial depth of cut and spindle speed) were chosen at the stable zone of the stability lobe diagram.
The analyzed results show that the machining processing is stable at the depth of cut less than 0.6 mm, and at all range spindle speeds. In this zone, the chatter was prevented for all cutting tests. Besides, using the experimental method as detailed in Ref. [19] , Fig. 3 . Approach to determine cutting force coefficients and to predict the cutting forces. Table 1 Chemical compositions of grey cast iron FC25. Table 2 , to avoid the chatter and to reduce the machine tool vibrations.
Verification of the linear model of average cutting forces
The cutting tests were performed at stable cutting conditions as listed in Table 2 . For each experiment, the average cutting force in feed, normal, and axial directions were calculated from the measured cutting force data. The relationship of the average cutting force and the feed per tooth was estimated and illustrated in Fig. 7 . In this figure, all the absolute values of average cutting forces increase with the increases of feed per flute. This experimental result is reasonable with the theory of cutting force model because when the feed per flute increases, the chip thickness increases. The increase of chip thickness make the cutting force's amplitude increases, and finally, the absolute value of average cutting force increases. This results show that the theory results and experimental results have good agreement, and the relationship of average cutting forces and feed per flute was characterized as a linear function. Therefore, in ball-end mill with stable cutting condition (no chatter and very small vibration, etc.), the measured average cutting force can be expressed by the linear function of feed per flute and the measured data can be used to estimate the cutting force coefficients for each pair of cutter and workpiece. By this method, all cutting force coefficient components were determined.
Using Fitting Toolbox of MATLAB TM and linear regression, the best lines passing through the values of average cutting force was determined. By using the characteristic of the best line and the formula of cutting force coefficients, the cutting force coefficients were calculated and listed in Table 3 .
Verification of simulation results
Using the calculated cutting force coefficients in Table 3 , the cutting forces were predicted and compared with the measured results as shown in Fig. 8 to Fig. 10 . The difference of the amplitudes of predicted and measured forces were investigated. The research results showed that the predicted cutting forces have some differences to the measured cutting forces. In the milling processes with low spindle speed as described in Fig. 8 and Fig. 9 (S¼ 1000 rpm), the shape of measured and predicted force are very similar to each other. About the amplitude of cutting force, the differences are about 6.9% in feed direction, 8.5% in normal direction, and 17% in axial direction. The difference is small because when milling with low spindle speed, the effect of vibrations on cutting process is quite small; so, the cutting process is close to the static cutting, and then the predicted cutting force is close to the measured cutting force.
In the milling process with higher spindle speed (3000 rpm), by the effect of machine tool dynamic structure on the milling process, vibrations increase. When the vibrations increase, the chip thickness changes in each flute, it makes the cutting forces in each flute different at the same position but in different revolution. The differences between measured forces and predicted cutting force are described as in Fig. 10 . This figure showed that the shapes of predicted and measured cutting forces are similar to each other, the peaks of predicted and measured cutting force sometimes are the same, sometimes are different. About the amplitudes of cutting force, the differences are about 14.5% in feed direction, 23% in normal direction and about 30% in axial direction. So, when the spindle speed increases the difference of cutting force amplitudes between measured and predicted cutting force increases. These differences can be explained when applying the machine tool dynamic process in milling process that will be investigated in the future study.
The analyzed results showed that the predicted result of research model coincides roughly with the measured one. Therefore, the predicted results from research model agree satisfactorily with experimental results and the cutting force models and cutting force coefficient models in this study are good models that can be used to determine the cutting force coefficients in the milling processes.
The reasons for the above differences were mostly originated from the changes of tool geometry following the tool tip up, the noise, the vibrations, the deflections, the inconstancy of cutting depth, the inhomogeneous distribution of tool and workpiece hardness, the temperature, the friction, and so on.
Conclusions
In this study, the developed model was used to analyze the theory of the cutting force in the ball-end mill processes. By mathematical derivation, a combined theoretical-experimental method was improved and an effective model was proposed for the determination of cutting force coefficients. This method could be applied in the stable cutting condition when the machine tool vibration is small and the effects of other subordinate factors are limited. An experimental method was proposed to determine the stable cutting condition in milling processes. By using this method, the chatter was prevented, and the vibration of machine tool was reduced in the milling process.
In the stable cutting condition, the relationship between the average cutting forces and the feed per flute could be expressed by a linear function. This relationship was successfully used to determine the cutting force coefficients in the ball-end mill processes. The determined cutting force coefficients and the force models have been successfully verified by both simulation and experiment with very promising results. By the proposed model in this paper, all cutting force coefficients were determined by experimental data.
This research model is expected to be extended to more complex type of milling tool such as bull-end mill, general-end mill, and so on. The application of dynamic process in milling simulation should be used to analyze the dynamic cutting force, and that will be the futuristic study of the extended research.
where κðzÞ is the axial immersion angle at z axial depth of cut.so,
ðA:2Þ
where rðϕ j ðzÞÞ is the radius of a circle on xy plane at an arbitrary point (P) on cutting edge; so, rðϕ j ðzÞÞ can be determined by Eq. (A.3)
The static chip thickness is calculated by Eq. (A.1) ; so, it can be calculated by Eq. (A.5).
The chip width is calculated by Eqs. (A.6) and (A.7)
db ¼ dz sin κðzÞ ð Þ ðA:6Þ so,
The edge length of the cutting segment dS is obtained by the small variation of a vector, which is obtained from the point center (C) to a point (P) on the cutting edge, with respect to the small variation of rotation angle (ϕ). The location of P on the flute number j is defined by a vector in cylindrical coordinates as described in Fig. 2 and can be expressed by Eq. (A.8).
where z is the z coordinate of point P. so, dS can be derived by Eqs. (A.9) and (A.10). 
